Jordan, Rotger and de Vera-Piquero proved that Shimura curves have no points rational over imaginary quadratic fields under a certain assumption. In this article, we expand their results to the case of number fields of higher degree. We also give counterexamples to the Hasse principle on Shimura curves.
Introduction
Let B be an indefinite quaternion division algebra over Q, and d(B) its discriminant. Fix a maximal order O of B. A QM-abelian surface by O over a field F is a pair (A, i) where A is a 2-dimensional abelian variety over F , and i : O ֒→ End F (A) is an injective ring homomorphism satisfying i(1) = id (cf. [2, p.591] ). Here, End F (A) is the ring of endomorphisms of A defined over F . We assume that A has a left Oaction. Let M B be the Shimura curve over Q associated to B, which parameterizes isomorphism classes of QM-abelian surfaces by O (cf. [3, p.93] ). We know that M B is a proper smooth curve over Q. For an imaginary quadratic field k, we have M B (k) = ∅ under a certain assumption ( [3, Theorem 6.3] , [5, Theorem 1.1] ). We expand this result to the case of number fields of higher degree in this article. The method of the proof is based on the strategy in [3] , and the key is to control the field of definition of the QM-abelian surface corresponding to a rational point on M B . We also give counterexamples to the Hasse principle on M B over number fields. We will discuss the relevance to the Manin obstruction in a forthcoming article.
For a prime number q, let B(q) be the set of isomorphism classes of indefinite quaternion division algebras B over Q such that
For positive integers N and e, let C(N, e) := α e + α e ∈ Z α ∈ C is a root of
Here, α is the complex conjugate of α. If e is even, then D(N, e) ⊆ Z. For a subset D ⊆ Z, let P(D) := { prime divisors of some of the integers in D \ {0} } .
For a number field k and a prime q of k of residue characteristic q, let
• κ(q): the residue field of q,
• N q : the cardinality of κ(q),
• e q : the ramification index of q in k/Q,
• f q : the degree of the extension κ(q)/F q ,
• S(k, q): the set of isomorphism classes of indefinite quaternion division algebras B over Q such that any prime divisor of d(B) belongs to
Note that S(k, q) is a finite set. The main result of this article is:
number field of even degree, and q a prime number such that
• there is a unique prime q of k above q,
• f q is odd (and so e q is even), and
(2) If k is of odd degree, then k has a real place, and so M B (k) = ∅.
Canonical isogeny characters
In this section, we review canonical isogeny characters associated to QM-abelian surfaces, which were introduced in [3, §4] . Let K be a number field, K an algebraic closure of K, G K = Gal(K/K) the absolute Galois group of K, O K the ring of integers of K, (A, i) a QM-abelian surface by O over K, and p a prime divisor of d(B). Then the p-torsion subgroup A[p](K) of A has exactly one non-zero proper left O-submodule, which we shall denote by C p . Then C p has order p 2 , and is stable under the action of G K . Let P O ⊆ O be the unique left ideal of reduced norm pZ.
p } is independent of this choice. Either of the characters ̺ p , (̺ p ) p is called a canonical isogeny character at p. We have an induced character
where G ab K is the Galois group of the maximal abelian extension
Here ω L is the Artin map.
Fix a prime P of K above p. Then we have an isomorphism κ(P) ∼ = F p f P of finite fields. Let t P := gcd(2, f P ) ∈ {1, 2}.
Proposition 2.2 ([3, Proposition 4.8]). (1) There is a unique element
For a prime number l, the action of G K on the l-adic Tate module T l A yields a representation
is the group of automorphisms of T l A commuting with the action of O, and
for any l prime to M. 
for any positive integer e.
Let α M , α M ∈ C be the roots of 
Proof of the main result
Now we prove Theorem 1.1. Suppose that the assumption of Theorem 1.1 holds. Assume that there is a point
Note that the degree [K : Q] is even. Then x is represented by a QM-abelian surface (A, i) by O over K (see [3, Theorem 1.1]). Since B ∈ S(k, q), there is a prime divisor p of d(B) such that p = q and p does not belong to
Fix such p, and let
be a canonical isogeny character at p associated to (A, i).
By Proposition 2.1, the character ̺ 12
p is unramified outside p. Then it is identified with a character I K (p) −→ F × p 2 , where I K (p) is the group of fractional ideals of K prime to p. When B ⊗ Q k ∼ = M 2 (k), we may assume that q is ramified in K/k by replacing K 0 if necessary. In any case, let Q be the unique prime of K above q. Note that Q is the unique prime of K above q, and so
Then by Corollary 2.3, we have
is the idèle of K whose components above p are 1 and the others q (resp. whose components above p are q −1 and the others 1), and P runs through the primes of K above p. On the other hand, we have
By Corollary 2.5, we have a(F e Q Q ) ∈ C(N Q , e Q ). We also have
Since p ∈ P(D(N q , e Q )), we have
[Case (1)]. In this case, we have q | a(F e Q Q ). Then by Lemma 2.6, we have q | a(F Q ). Since f Q (= f q ) is odd, we obtain B ⊗ Q Q( √ −q) ∼ = M 2 (Q( √ −q)) or (q = 2 and
Propositions 2.3 and 5.1 (1)]). This contradicts B ∈ B(q).
[Case (2)]. In this case, q = 3 and [K : Q] is odd, which is a contradiction.
Therefore we conclude M B (k) = ∅. 
Counterexamples to the Hasse principle
We have computed the sets C(N, e), D(N, e), P(D(N, e)) in several cases as seen in Table 1 . Then we obtain the following counterexamples to the Hasse principle on M B over number fields:
Proof.
(1) The prime number 3 (resp. 13) is inert (resp. ramified) in Q( √ −13). Then B ⊗ Q Q( √ −13) ∼ = M 2 (Q( √ −13)), and so B ⊗ Q k ∼ = M 2 (k). Applying Theorem 1.1 to q = 2, we obtain M B (k) = ∅. In fact, (e q , f q ) = (4, 1) where q is the unique prime of k above q = 2, and the prime divisor 13 of d(B) does not belong to P(D(2, 4)) ∪ {2} (see Table 1 ). Since 3 (resp. 13) splits in Q( Applying Theorem 1.1 to q = 3, we obtain M B (k) = ∅. In fact, (e q , f q ) = (6, 1) where q is the unique prime of k above q = 3, and the prime divisor 31 (resp. 43) of d(B) does not belong to P (D(3, 12) ) ∪ {3}. Since 31 (resp. 43) splits in Q( 
